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The response of a tower—pier system with distributed mass, along the tower, to
harmonic ground excitation is studied. The system rests on viscoelastic soil, the
stiffness and damping of which are duly taken into account. The action of the
suspension bridge cables is represented by an equivalent horizontal spring at the
top of the tower. An analytic solution for the deflections of the tower is proposed
consisting of two parts: (a) a response of the tower obeying the non-homogeneous
boundary conditions of the problem and (b) a series of products of each of the
orthogonal eigenfunctions multiplied by a corresponding time function.
Substituting the above solution into the partial differential equation of motion of
the tower, and applying the Galerkin method, a system of ordinary differential
equations results, the solution of which furnishes the deformation of the tower.
A parametric study is performed, resulting in detailed stress distributions along the
tower, stresses at critical points, exact dynamic response of the pier, etc., as affected
by the involved stiffness and damping coefficients, loading characteristics, mass
distributions, etc. The solution presented can be considered as suitable for the
analysis of the response of heavy towers, since it can handle any tower-mass
distribution and even any tower-stiffness distribution.

© 2000 Academic Press

1. INTRODUCTION

It is well known that in earthquake response analysis of suspension bridges the
most sensitive subsystem is the tower—pier system. Extensive research on the
earthquake resistance analysis of this system has appeared in the literature [ 1-4].
In these investigations, the mass of the tower was either omitted as negligible or was
considered as lumped to specific points along the tower. However, the tower mass
has been taken into consideration in a simplified model of a fully fixed vertical
cantilever, as uniformly distributed [5]. On the other hand, in other proposed
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models, neither the rocking damping nor the influence of the surrounding soils to
horizontal motion were taken into account.

Due to the importance and sensitivity of the tower-pier system, it must be
studied as a structural system incorporating as many as possible elements and
subsystems which influence its behavior. In this sense, the aforementioned
works, despite analyzing many sides of the behavior of the tower—pier system, do
not present such a general and unique model, at least as far as the continuous
variation of properties (more or less exact) of the tower (mass, stiffness, etc.) along
its height is concerned.

The present study aims to present a model for the tower—pier system, which at
first incorporates as many parameters influencing its behavior as possible, but
mainly is able, at the same time, to accept any continuous distribution of the tower
mass along its height, and extensively to accept any distribution of the structural
properties of the tower. In the model proposed in this work, the mass distribution
along the tower may assume any arbitrary form. The dynamic response of this
model is investigated under the action of horizontal harmonic displacement of the
supporting soil. The partial differential equation of the tower deflections, including
axial effects and internal damping, along with the accompanying boundary
conditions, is formulated. The stiffness and damping of the supporting soil against
rocking and horizontal motion of the pier are duly taken into account. The aim is
to express the steady state response y(x,t) of the tower in the form

Yt = volat) + 3 Vi) yi(x, (1)

i=1

where yo(x,t) is a steady state response satisfying the aforementioned boundary
conditions (BCs), y;(x) is an eigenfunction and V;(t) is the corresponding
generalized co-ordinate. The above eigenfunctions originate from a properly
formulated eigenvalue problem whose BCs satisfy the homogeneous part of the
BCs of the tower deflection, and they obtain their final form going through an
orthogonalization process.

The proposed solution expressed by equation (1) above, satisfies the BCs of
the tower deflection. Applying the Galerkin method, by employing the orthogonal
set of the aforementioned eigenfunctions, results in a system of linear ordinary
differential equations (ODEs). This system along with the equations of motion of
the pier, furnishes the corresponding time functions V;(t). Having determined the
displacement field of the tower, it is straightforward to evaluate the shear forces and
moments that are induced along the length of the tower. A parametric study is
carried out to investigate the dependence of the shear force and bending moment at
critical cross-sections along the tower on key parameters such as the frequency of
excitation, the stiffness and damping values of the structure and of the subgrade, the
total mass of the tower, the mass distribution, etc.

The proposed method of this study is analytic, considers many parameters at the
same time, which influence the function of a tower-pier system (and which do not
appear in all previous work), and additionally, with a proper modification (which
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was not considered purposeful to be included here) of the term yo(x, t), the method
can also tackle the case of variable stiffness EI(x) along the tower.

2. THE MODEL

In Figure 1(a), the bridge tower of height h, is depicted, fixed onto the pier of total
height L + z.. The center of mass of the pier is denoted by C. The action of the
cables acting atop the tower has been replaced by the spring of stiffness K, and the
vertical compressive force, P. Figure 1(b) depicts the structural model proposed and
used in the present work. In the same figure, Y,(t) is the horizontal ground
displacement that excites the system, K, and C, are the swaying stiffness and
damping respectively, and K, and C, are the stiffness and damping coeflicients,
respectively, for the rocking motion of the pier.

The partial differential equation of the lateral deflection of the tower, considered
as a beam of stiffness EI, distributed mass mi(x) and internal damping coefficient
Cin, under axial loading N (x), is [6]

0ty 0%y 0N dy 0%y 0%y
El = + Cipl — + — = — +1i(x) —5 = 0. 2
ot T Ol GG T an ax T NWEa T 5z =0 @)
The axial load N(x) is given by
h
N(x)=P + J m(o)g do, (3)

hence equation (2) becomes

oty %y " 2y o dy %y

Regarding the associated BCs, it is pointed out first that at the top of the tower the
bending moment vanishes. Hence

y'(ht)=0 (Ist BC) (5)

The internal horizontal force H(x,t) that develops along the height of the tower is
given by

H(x,t) = N(x)y'(x,t) + EIy" (x,1). (6)

Therefore, in view of equation (6) the equilibrium of horizontal forces at the top of
the tower yields

Py'(h,t) + EIy"'(h,t) = K,y(h,t) (2nd BC). ()
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Figure 1. (a) The suspension bridge tower—pier system. (b) The structural model.
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On the other hand, let
Y (t) = Y o coswt (8)

be the horizontal harmonic motion of the foundation interface, which is attached to
the pier base. Now the displacemnt y(0,t) of the base of the tower (x = 0), must
satisfy the relation

y(0,t) — (L + z.)y'(0,t) = Yyocoswt (3rd BC) )
Finally, Figure 2(a) displays a free-body diagram of the pier with all the actions that
are applied on it. Moment equilibrium of the pier with respect to the base center A,
is expressed as

(M4 =K,y 0,8) + Cpy'(0,8) + 1,5'(0,8) — mpz.* Yso cOs 0t
+ m,z2y'(0,1) — m,gz.y'(0,1) — EIy" (0, 1)

—(P+mg)(L+2z)y0,t) —(L+z)H(0,t)=0 (10
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Figure 2. (a) Pier dynamic equilibrium. (b) Actions on both sides of the foundation interface.
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where

Ye(t) = Ygocos ot + z.y'(0,1) (11)

is the displacement of the pier mass center C, and

%zymmm (12)

is the total mass of the tower.
Using equations (6), (11) and (12), equation (10) takes the form

y'(0,0)(Ky — mygz:) — EIy"(0,t) + EIy"(0,0)(L + z.) + y'(0,1) C,,
+3(0,0)(I, + m,z2) = myz.w* Ygocos ot (4th BC). (13)

The dynamic response of the tower is governed by equation (4) subject to the BCs
expressed by equations (5), (7), (9) and (13).

The excitation is applied to the tower—pier system through the pier base. The
horizontal force equilibrium of the pier (see Figure 2(a)) is expressed as

H (0,1) = m,[¥,()) + 230,01 + F(t) = 0,

which in view of equations (6) and (8) becomes

F(t) — (p + myg)y' (0,) — EIy"(0,1) — m,z.y'(0,t) + m, Yow*coswt = 0.  (14)

On the other hand, Figure 2(b) represents the actions on both sides of the
foundation interface, the equilibrium of which yields

F(t) = Ks Yg(t) - Ks Ys(t) - Cs Yg(t) - Cs Ys(t)'
Employing equation (8) and
Y,(t) = Y ocos(wt + @) (15)

for the horizontal harmonic motion of the surrounding soils, the above expression
for F(t) becomes

F(t) = K Yyocos(wt + @) — K Yocoswt — Cy Yyomsin(wt + @) + C; Y owsinwt

which may be written in the matrix form as follows:

cos mt cosp, —sing |[coswt
F(t) = — K,—-C Yo [ K,—C .
® so[Ks =G |:sincut} + Yoo LK, = Cow] [sin ®, CosQ } [sinwt}

(16)
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In equation (15), ¢ is the phase angle at which the harmonic motion of the
surrounding soils precedes the harmonic motion of the foundation interface.

3. THE TERM y,(x, 1)

As has already been pointed out in the Introduction, the term yq(x,t) of the
solution given by equation (1) takes care of the non-homogeneous boundary
conditions. In order to express yo(x,t) consider the following ordinary differential
equation:

EIyy (x,t) + Pyg(x,t) = 0, (17)

with solution

Vo (x,1) = ¢, (1)cos <%> + ¢,(1)sin <‘th> + c3(t)% o), 0<x<h (18)

where

Ph2\1/2
ay = <ﬁ> (19)

subject to the BCs given in equations (5), (7), (9) and (13) which are rewritten below
in terms of yq(x, ¢):

yo(h,t) =0, (20)
Yo (0> t) - (L + ZC) y()(o» t) = YSO cos wt, (22)

y0(0,1)(Ky — mygz.) — EIyg(0,1) + (L + z.) EIy5'(0,1)
+ ¥0(0,1)Cy, + ¥o(0,0)(I, + mpzf) = mpzcco2 Y 0cOswt. (23)

If one substitutes the solution given by equation (18) into the BCs expressed by
equations (20)-(23) the following equations result:

ci(t)cosay + c,(t)sinoy =0, (24a)

P
ci1(t)K.cosa; + c,(t)K.sina; + c5(1) <Ke — E) +c4 (K, =0, (24b)
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e (t) — e (t) %(L +2) — es(t) L% +ca(t) = Yiocosot, (24c)
. al 2 . 1 2 . al . Cu//
¢, (1) m (I, + my,zZ) + ¢3(t) E(I” +myz7) + ¢5(1) m Cy + C3(t)7

2 3
+ ¢4 (1) <%> EI + ¢, () |:% (Ky —mpgz.) — (L + z.) EI <%> }

1
+ ¢3(1) A (Ky —my,gz,) =m,Yyw?z,coswt. (24d)

The first three of these i.e. equations (24a)—(24c), constitute a linear algebraic system
of three equations with three unknowns (cy(t), c5(¢), c5(t)). Solving for them, one
obtains

Ci(t) = kil C4(t) + ki2 YSO cos wt, i= 1, 2, 3, (25)

where k;; and k;; are known expressions of the coefficients in equation (24).
Substituting equation (25) into equation (24d), one obtains an ODE of the form

P2Ca(t) + p1¢a(t) + poca(t) = Yso(g1coswt + gasinwi), (26)
where p;’s and ¢;’s are known constants.

In the presence of damping, the complementary solution of equation (26)
(transient response) vanishes eventually. Hence, only the steady state response
of the model in Figure 1(b) is considered, and only the particular solution of
equation (26) of the form

c4(t) = Yyo(hyqcoswt + hy,sinmt) 27)
will be taken into account. To evaluate the constants hy;, h4,, substitute equation
(27) into equation (26) and set the coefficients of coswt and sinwt equal to zero.

Now that c4 () is known, substitute equation (27) into equation (25) and express

the time functions ¢;(¢), i=1,2, ...,4, in the form
¢i(t) = Yyo(hyqcoswt + hypsinwt), i=1,2,3,4. (28)
Introducing equation (28) into equation (18), the function y,(x, t) takes the form

Yo(x,t) = Yo [01(x)coswt + 0,(x)sinwt], (29)

where 0,(x) and 0,(x) are known functions.
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4. THE EIGENFUNCTIONS y;(x)

According to the Galerkin method the eigenfunctions y;(x), i=1,2, ...,
appearing in the series on the right-hand side of the proposed solution, equation (1),
must form an orthogonal and complete set. For the purpose of the present work the
requirement for completeness will not be considered strictly.

To construct the y;(x)s, consider first the ODE

EIJY(x) + (P + m¥g)§i'(x) =0, 0<x<h, (30)

which has a solution of the form

% % 2
yi(x) = ¢y cos <%> + ¢, sin <a2_hx> + c3 (%) + 04% + cs, (31
where
P % 2711/2
af = [%} ' (32)

Furthermore, consider the following homogeneous boundary conditions to be
satisfied by the above solution, equation (31):

31(0) = 0, (33a)

yi(0) =0, (33b)

yi(0) = (L + 2)yi"(0) = 0, (33¢)
yi (h) =0, (33d)

Pyi(h) + EIyi" (h) = K. yi(h). (33e)

The ODE, equation (30), along with the BCs, equations (33), constitutes a boundary
value problem, the eigenvalues and eigenfunctions of which will be determined. If
one substitutes the solution, equation (31), into the above BCs, the following linear
homogeneous algebraic system of five equations with five unknowns (cy, c,,¢3,¢q4
and cs) results, namely,

Cq + Cs = 0, (343)

a5 + ¢y =0, (34b)
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s L+ z

— 32 =0, (34c)

C1a§2 — cya%
cia¥*cosa¥ + c,a¥’sinal —c32 =0, (34d)

az . % az ’ % %
Cq —P751na2 + EI " sina¥ — K,cosaj

a¥ a¥\? .
+cy chosaf—El m cosa¥ — K, sina¥

2
-I-C3<pz—Ke>+c4<%—Ke>—csKe=O. (34¢)

The existence of non-trivial solution is equivalent to the vanishing of the (5 x 5)
determinant Ds of the coeflicients ¢;, i=1,2, ...,5; Ds is a function of the
parameter a¥, or according to equation (32) a function of the parameter m*, which
must not be confused with m, of equation (12). The condition

Ds(m*) =0 (35)

is a transcendental equation which furnishes the eigenvalues m*,i=1,2,3, ..., of
the problem under consideration.

To each of the above eigenvalues m;* corresponds an eigenfunction y;(x) given by
equation (31). In Figure 3(a) one can see the first four eigenfunctions y;(x),
i=1,2,3,4, along with the corresponding eigenvalues m;*. The constructed set of
eigenfunctions y;(x), i = 1,2, 3, ..., in general is not orthogonal, as the Galerkin
method would require. To obtain an orthogonal (orthonormal) set, the
Gram-Schmit orthogonalization process [7] is applied according to which

yi=71. y1=y1/Iyill,
Va=V2— (72, V1)1, Y2 =2/l

n

V1= Vn+1 — Z (Pn+15V) Vs Ynr1 = Y1/ l1Yn+1lls

k=1

So, the set y;(x),i=1,2,3, ..., of orthogonal eigenfunctions results.
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Figure 3. (a) Non-orthogonal tower eigenfunctions. (b) Orthogonal tower eigenfunctions.

The first four y;(x)s along with the corresponding eigenvalues are shown in
Figure 3(b).

The similarity of the eigenfunctions of Figure 3(b) with the mode shapes of the
displacements evaluated in reference [5], is obvious.

According to the above formulae, each eigenfunction y;(x) is a linear
combination of the eigenfunctions y;(x). Therefore, since y;(x)s satisfy the BCs
equations (33), it is evident that the eigenfunctions y;(x) also do so.

5. THE GALERKIN METHOD

According to the Galerkin method, one has to demonstrate that the proposed
solution, expressed by equation (1), satisfies the four BCs of the model of Figure
1(b) expressed by equations (5), (7), (9) and (13).

Taking the second derivative w.r.t. x of y(x,t) as expressed by equation (1),
one observes that equation (5) (1st BC) is satisfied in view of equations (20)
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and (33d), i.e.,

y'(h, 1) = yo(h,t) + Y, Vi) yi (h) = 0.

13

Substituting now equation (1) into equation (7) (2nd BC) one obtains

Pyo(h.t) + P Y Vi(0)yi(h) + ELyg (ht) + EIY V() yi" (h)

= K, yo(h,t) + Kez Vi(©) yi(h),

or

Pyo(h, 1) + EIyg' (h,1) — Keyo(h,t) + X Vi) [Pyi(h) + EIyi"(h) — Kcyi(h)] =0,

which is satisfied in view of equations (21) and (33e).
Substitution of equation (1) into equation (9) (3rd BC) furnishes

Yo(0.0) + 2 Vi(0)yi(0) — (L + 2 y6 (0,1) — (L + z) Y Vi(t) yi(0) = Yo cos wt

or

2V [2i(0) — (L + z) yi(0)] + yo(0,8) — (L + z) o (0, 1) = Ysocos

which in view of equations (33a,b) and equation (22) is satisfied.
Finally, substituting equation (1) into equation (13) (4th BC) one obtains

YLVt (Ky —mygze) + Vi(t) Co + Vilt) (I, + m,22)1y1(0)

= 2V EILY! (0) — (L + z) (0] + yo (0.0)(Ky — m, gz.)

— EIyg(0,1) + EIyg (0,0)(L + z.) 4+ y6(0,6)Co, + ¥0(0,1) (I, + m,, z2)
=m,z.w* Yy cost,

which is satisfied if one takes into account equations (33b,c) and (23).

Thus, it has been demonstrated that the proposed solution, equation (1), satisfies
the four BCs of the problem under consideration.

In addition, the proposed solution must satisfy equation (4), within the domain
0 < x < h. Substituting equation (1) into equation (4), in general, a residual R(x, 1)
arises which must vanish. Vanishing of R(x, ) is equivalent to the vanishing of the
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following inner products:
h

J R0y (x)dx =0, i=12, ... (36)
0

since the set y;(x) is orthogonal.
Carrying out the operations involved in the first n of equations (36), one obtains
a system of n ODEs, with respect to the time functions V;(t), of the form

ayi . aw] [ Vi) Pii - Pl [Va(D)
(2% . App i7n (t) DPn1 . Dnn Vn (t)

. 1
t
T P o [COS“’}, (37)

where

h
= [ w3 =12
0
h
pij = f Cintlyi'v(x)yi(x)dx’ l’.] = 1’ 25 e h
0

bi; ZL {EI ¥ () + [P +f Fﬁ(a)gdﬂ} yj (x) _m(x)QY}(x)}Yi(x) dx,

i, j=1,2,...,n,
h h
¢ = — J {El@‘lv(x) + Cin 0y (x) + [P + J n‘a(a)gda});’(x) — m(x)g0i(x)
0 x
— rﬁ(x)wzﬁl}yi(x)dx, i=1,2,...,n
h h
di= — J {Ewlzv(x) — CinI07Y (x) + [P + J rﬁ(a)gda}@ﬁ(x) — m(x)g0>(x)
0 x

— rﬁ(x)wzﬁz}yi(x)dx, i=12,..,n
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In the presence of damping, the transient response (complementary solution) of
equation (37) eventually vanishes. In other words, a particular solution of equation

(37) of the form
1
cos wt
[sin wt}

mn 5 nn

C.J. YOUNIS AND D. E. PANAYOTOUNAKOS

Vi(t)

my, n
= YSO (38)

Vi(ﬂ

is of interest, where w is the frequency of the ground excitation appearing in
equations (8) and (15). Substituting equation (38) into equation (37), a linear
algebraic system of the form

- 2 2
(b11 — w7 ayy) . by, — o ay,, WP11 WP1n my C1
by — @ (b —
nl W4y . nn W= dyy), CUpnl COpnn my Cn
2 2
— WP11 — WOP1n, (b11 —w*ayy) . by, —way, ny dy
2 2
- — WPn1 — WPy, bnl — W Ay, . (bnn —w ann)- L n, d - dn -
(39)

results, which solved for m; and n;,i = 1,2, ...
given by equation (38).

In view of equations (29) and (38) and the eigenfunctions y;(x) having been
determined, the proposed solution, equation (1), is fully described, assuming the
following form:

, provides the time functions V;(¢), as

y(x,t) = Yy {[01(36) + Zm,-yi(x)}cos ot + [Qz(x) + Zniyi(x)}sin wt}. (40)

Having obtained an expression for the response of the tower, it is now necessary to
introduce the support motion, equation (15), which is the source of the excitation.
Substituting equation (40) into equation (14) and performing the operations, an
expression of the form

F(t) = Ym[AﬁB][COS“”]

41
sin wt (41)

results, where A and B are known quantities comprising 0,(x), 0,(x), yi(x),
i=1,2, ... and their derivatives. Comparing equations (16) and (41) one obtains

cos wt —sing || cosmt
sing || sinwt |

1@M+&£—Q@[ }=nd&—q@r“@

sin wt sin ¢,
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Setting coefficients of coswt and sin wt equal to zero, the following system results:
YsO (A + Ks) = YgO (Ks Cos @ — Cs wsin @),
Yoo(B— Csw) = Yy0( — Ksingp — Cywcos ),

which solved for ¢ and Y, furnishes

— arctan AC,» + BK, (42a)
¢= BC.w — K2 — C2a” — AK,
and
K — C,wsi
Yio = Y0 sCOS @ smsin @ (42b)

(A + Ky)

Now, given the excitation equation (15) and in view of equations (42), the response
of the base of the system, equation (8), is directly determined.

To complete the analysis of the tower dynamic response, the shear force Q(x, 1)
and the bending moment M(x,t) along the tower have to be determined.
Substituting equation (40) into the well-known expressions

Q(X, t) = - Elym(x’ t)a

M(x,t) = EIy" (x,t),
one obtains
Q(x,t) = Q1 (x)coswt + Q,(x)sinwt

and
M (x,t) = M (x)coswt + M,(x)sin wt
in which
Q1(x) = — EIVo| 07(x) + Y miy{'(x) |, (43a)
02(x) = — EIY 0| 05'(x) + X myi"(x) |, (43b)
M (x) = EIY [QY(X) +m yé’(X)} (44a)

M (x) = EIY s [HZ(X) +2n yé'(X)} (44D)
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The amplitudes of the developed bending moments and shear forces along the

tower are obviously given by

Qu(x) = [0 (x) + Q3(x)]"7, (452)

M, (x) = [Mi(x) + M3(x)]">. (45b)

6. PARAMETRIC STUDY—RESULTS

To carry out a parametric study in a

general form, one has to render

non-dimensional quantities appearing in the analysis. Using the tower height h, the
ground motion amplitude Y,,, and the tower stiffness EI as normalizing
parameters, one obtains the following non-dimensional quantities:

tower abscissa

time

ground motion frequency

tower deflection

top tower force

tower mass

pier mass

pier moment of inertia

top tower spring

soil stiffness against rocking

soil damping against rocking

soil stiffness against horizontal motion
soil damping against horizontal motion
coefficient of internal damping
bending moment along the tower
shear force along the tower

& =x/h
t=t(g/h)'"?

w = w(h/g)'?
MET) =y, 1)/ Yy
a; = (Ph*/EI)'?
a, = (m,gh®/EI)'?
Hp = (mpghz/EI)l/z
i,=1,/m,z?

K, = K b3 /EI
Ky = Kyh/EI
¢y = (Cy W/EI) (g/ 1)
ks = K;h*/EI

¢s = (Csh*/EI) (g/h)'?

Cimt = (Cint/E) (g/h)l/z

M(&, 1) =M (x,t)h*/EIY 0 =n" (&, T)
Q(éa T) =Q(X, t)h3/EIYgO = W(éa T)

Equations (40) and (42), which express the response of the tower and the pier
respectively, are first transformed to non-dimensional form. Then a suspension
bridge is considered which is similar to that studied in reference [4], the geometric,

mass and elastic data of which, are:

tower height

pier height (above C)

pier height (below C)

force at the top of the tower

stiffness of the tower

stiffness of the tower top spring

mass of the pier

moment of inertia of the pier

stiffness for the horizontal motion of the pier

h=176m
L =49m
z.=16m
p = 400000 kN

EI = 50 x 103 kN m?
K. = 700000 kN/m
m, = 335000000 kg
I,=19x%x10'"" kgm?
K, = 4-12x10°kN/m
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damping for the horizontal motion of the pier C;, = 4-10x 10°kN s/m

stiffness for the rocking motion of the pier K, = 30-80 x 10°kN m
damping for the rocking motion of the pier Cy, =12-30x 10°kNms
ground motion frequency w = 1-25rad/s

Additionally it is considered that

mass of the tower m, = 0-10-0-30m
internal damping of the tower Cine = 2-5x10°kN s/m?

Transforming, now, the above data to non-dimensional quantities, as defined
before, the following numerical values result:

top tower force a; =16

top tower spring stiffness K. =770

pier mass U, =45

tower mass a, = 0-15-0-50
pier moment of inertia i, =222

soil stiffness against horizontal motion Kk, = 5000-15 000
soil damping against horizontal motion ¢, = 1000-3000
soil stiffness against rocking Kk, = 1000-3000
soil damping against rocking ¢, = 100-300
ground motion frequency w = 5-100
internal damping of the tower Cim = 0:02-0-05

The parametric study furnishes the following results.

In Figure 4(a) and (b) the variations of the bending moment amplitude M, (&)
(equation (45a)) and the shear force amplitude Q,(¢) (equation (45b)), respectively,
are shown along the tower for different values of the ground motion frequency
w and for certain values of the other parameters: k,, ¢, ks, ¢s, a, and c;,,, assuming
a uniform distribution of the tower mass a, along the tower. Similarly, in Figure 5(a)
and (b) the variations of M, (&) and Q, (§) are depicted for triangular distribution of
the tower mass a, along the tower. As expected, the triangular distribution
compared with the uniform distribution, causes greater stresses M, and Q, in the
neighborhood of the base of the tower (small x/h).

Furthermore, comparing Figures 4 and 5 with the variations of shear and
bending moment along the towers studied in reference [5], one can verify an
impressive similarity in their form.

In Figure 6(a) and (b) the variations of the maximum value M, .. of the bending
moment amplitude and the maximum value Q, ... of the shear force amplitude,
respectively, along the tower are shown versus the ground motion frequency w, for
uniform distribution of the tower mass and for a range of values of the soil rocking
stiffness K.

In Figure 7(a) and (b) the maximum bending moment amplitude M, ... and the
maximum shear force amplitude Q, ..., respectively, are depicted versus w for
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Figure 4. (a) Variation of M,(¢) along the tower for uniform distribution of the tower mass.
(b) Variation of Q,(¢) along the tower for uniform distribution of the tower mass.

a range of values of the soil rocking damping c,, and for uniform distribution of the
tower mass.

Similarly Figure 8(a) and (b) depict the variations of M, . and Q,, .. VETsus w,
for several values of the soil stiffness to horizontal motion, k,, and for uniform
distribution of the tower mass. While, in Figure 9(a) and (b) one can see M, .., and
Q.. max> respectively, versus w for different values of the soil damping to horizontal
motion, ¢,, and uniform distribution of a,.

From Figures 6-9 one obtains the results that the peak stresses developed in the
tower increase with the soil stiffness and soil damping coefficients of the horizontal
as well as the rocking ground motion.

Figure 10(a) and (b) show M, ,..x and Q. ... versus w for different values of the
tower mass «, distributed uniformly along the tower. As expected, the maximum
stresses developed in the tower are increasing functions of the tower mass q,.

Finally, Figure 11(a) and (b) present M, . and Qg .. versus w, for several
values of the internal damping coefficient ¢;,, and for uniformly distributed tower
mass a,. It is shown here that the stresses in the tower decreases as the internal
damping of the material of the tower increases.
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Figure 5. (a) Variation of M, (&) along the tower for triangular distribution of the tower mass.
(b) Variation of Q,(¢) along the tower for triangular distribution of the tower mass.
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Figure 6. (a) Variation of M, .. with k. (b) Variation of Qg .. With k.
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Figure 7. (a) Variation of M, ., With c,. (b) Variation of Q,, .. With ¢;.
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Figure 8. (a) Variation of M,_,... With k,. (b) Variation of Q, ... with k.

The tendency of the curves in Figures 4-11 indicates the existence of resonance at
a range of the non-dimensional frequency w = 30-40, which corresponds to
a ground motion frequency w = 7-9 rad/s.
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Figure 9. (a) Variation of M, .. With ¢,. (b) Variation of Q,, .. With ¢;.
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Figure 10. (a) Variation of M, .., With a,. (b) Variation of Q,, .. With a,.

7. CONCLUSIONS

This work presents an analytic solution of problems in dynamics of suspension
bridge tower—pier systems, based on the Galerkin method.



488

C.J. YOUNIS AND D. E. PANAYOTOUNAKOS

300 I Mﬂ» max
240 |

]

180 |

o
[SE=R=Rk=

120

60 |
(@)

0 L . . .
0 20 40 60 80 100

50 I Mﬁ,de
40t

g

g

AHhOD

H

4
OO OO Q
GE D O=

30

O

20

10 F(b)

0 ) ) 1 ) .
0 20 40 60 80 100

Figure 11. (a) Variation of M, ,..x With ¢;,. (b) Variation of Q,, . With c;y.

The most important features of this investigation, are the following:

1.

This method can handle any form of mass distribution along the tower. From
this point of view, the proposed method is very useful in the cases where the
mass of the tower is not small, compared with the pier mass.

The presented method is also exact and detailed since it gives analytically the
stresses and deflections at all the points along the tower, considered as
a flexible and heavy rod. At the same time the method gives the full dynamics
of the pier, having taken into account the stiffness and damping of the
supporting soil.

The main results of the parametric study are:

(a) A triangular type distribution develops greater stresses in the tower than
a uniform type.

(b) The stresses in the tower increase with the stiffness and the damping of the
rocking and the horizontal ground excitation, as well as with the mass of
the tower. On the contrary, the stresses in the tower decrease with the
internal damping of its material.

A further extension of the presented model can also include the case
of variable stiffness EI(x) along the tower, by properly modifying the
formulation of the term yy(x,t) in equation (1).

Furthermore, one can see that, in general, under suitable adjustments, the
presented analytic method can be applied to the dynamic analysis of any
structural or mechanical system, consisting of rigid bodies connected by
flexible rods with considerable mass.



SUSPENSION BRIDGE TOWER-PIER SYSTEMS 489

REFERENCES

. 1. Konisni and Y. YaMADA 1969 Proceedings of the 4th World Conference on Earthquake
Engineering Vol. 11, January (B-4) 107-118. Studies on the earthquake-resistant design of
suspension bridge tower and pier system.

2. Y. YamADA, Y. GoTo and H. Takemiva 1973 Proceedings of the Sth World Conference on
Earthquake Engineering, Roma, Italy. Studies on the earthquake-resistant design of
suspension bridge tower and pier system.

. Y. YamaDpA, H. Takemiva and K. Kawano 1979 International Journal of Earthquake
Engineering and Structural Dynamics 7, 31-47. Random response analysis of a nonlinear
soil-suspension bridge pier.

4. C. J. Younis and G. GAZETAS 1996 Engineering Structures 18, 546-557. Dynamic
response of a tower—pier system on viscoelastic foundation with frictional interface.

. A. M. ABBEL-GHAFFAR and J. D. Roop 1982 Journal of Engineering Mechanics Division,
ASCE 108, 291-308. Simplified earthquake analysis of suspension bridge towers.

6. R. W. CroucH and J. PeENzieN 1975 Dynamics of Structures 296-301. New York:

McGraw-Hill
7. A. E. TayLor and D. C. Lay 1980 Introduction of Functional Analysis 77. New York:
Wiley, second edition.

APPENDIX A
NOTATION
ay parameter in the expression of the term y, (x, t)
a, dimensionless mass of the tower
a% parameter for the evaluation of the eigenfunctions
a;; coefficients of the ODE system of the Galerkin method
A, B coefhicients for the foundation shear force
b;; coefficients of the ODE system of the Galerkin method
¢ coefficients of the ODE system of the Galerkin method
Cint internal damping coefficient of the tower
¢@i=1,..,5 coefficients for the evaluation of the eigenfunctions
¢ i=1,...,8) coefficients for the term y, (x, t)
C,, cg damping coefficient for the horizontal motion of the surrounding
soil
Cy.cy damping coefficient for the rocking motion of the pier
d; coefficients of the ODE system of the Galerkin method
Ds(m) determinant for the evaluation of the eigenfunctions
E modulus of elasticity of the tower
F(r) shear force at the foundation interface
g acceleration due to gravity
h height of the tower
hiv,hi, i=1,....,4) coefficients for the term y,(x, 1)
H(x,1) internal horizontal force of the tower
moment of inertia of the tower
o lp moment of inertia of the pier
kii, kir, i=1,...,3)  coefficients for the term y,(x, 1)
K., k, stiffness coefficient of the tower top spring
K, k stiffness coefficient for the horizontal motion of the surrounding
soil
Ky, ky stiffness coefficient of the rocking motion of the pier
L height of the pier (upper)

m, mass of the pier
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m,

mi(x)

m,"f, i=12,...)
m;

M(x,t), M(¢, 1)
M (x), M;(x)
M, (x), M,(S)
n;

n(¢, 1)

N(x)

P
Po>P1>P2>41,92
Dij

0(x,1), Q(&,7)
01(x), Q2(x)
04(x), Qu(S)
R(x,t)

t

Vi(®)

w

X

y(x,1)

Yo (X, t)

yi(x), yi(x)

Y, (1), Yyo

Ys(t)a YsO

ZC

0,(x), 05(x)

Hp

¢

T
w
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mass of the tower

mass distribution of the tower

eigenvalues corresponding to the eigenfunctions
coefficients of the time functions

bending moment along the tower

coefficients of the bending moment

amplitude of the bending moment along the tower
coefficients of the time functions

dimensionless deflections of the tower

axial force along the tower

vertical force at the top of the tower

coefficients of the ODE of the term y,(x,t)
coefficients of the ODE system of the Galerkin method
shear force along the tower

coefficients of the shear force

amplitude of the shear force along the tower
residual of the Galerkin method

time

time functions in the proposed solution
dimensionless frequency

abscissa along the tower

deflection of the tower

tower deflection obeying the non-homogeneous BCs
non-orthogonal and orthogonal eigenshapes
displacement of the surrounding soil
displacement of the foundation interface

height of the pier (lower)

coefficients for the expression of the term y,(x,t)
dimensionless mass of the pier

dimensionless abscissa along the tower
dimensionless time

frequency
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